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Abstract

We show that Kergin interpolation, a generalized Lagrange—Hermite polynomial
interpolation, may be defined on mappings between general Banach spaces. Like its finite-
dimensional counterpart, Kergin interpolation in this setting is an affine-invariant projector.
We obtain an error formula which we use to approximate holomorphic mappings. As an
application we give a convergence theorem applicable to, for instance, operators on Banach
algebras, such as the algebra of square matrices with complex coefficients.
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1. Introduction

Kergin interpolation is a generalization to several variables of ordinary Lagrange—
Hermite interpolation, cf. [9-11] for the real case and [1,2] for complex Kergin
interpolation, see also [6] where more general mean-value interpolation is studied.
The aim of this paper is to generalize Kergin interpolation to mappings between
Banach spaces.

Recall that one-variable Lagrange interpolation is not merely a matter of
matching function values at certain points, it also enjoys several analytical
properties. Most importantly, Gelfond [7] proved a number of convergence
theorems for sequences of interpolating polynomials, giving conditions on an
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infinite sequence of points and on an entire function f ensuring that the sequence of
successive Lagrange polynomials at the first n points converges to f uniformly on
compact sets as z tends to infinity. Similar theorems hold for Kergin interpolation in
C", due to Bloom [4], and this is why it is justifiable to look upon Kergin
interpolation as the “‘correct” generalization to several variables of one-variable
Lagrange interpolation. It is certainly of interest to obtain such a construction in
general Banach spaces, and we present a convergence result of Gelfond’s type for the
infinite-dimensional Kergin interpolation that we study.

The main tool for defining Kergin interpolation in R" is the simplex functional,
which, for a given sequence of points (po,p1,...,p;) in R" is defined for, say,
functions continuous on the convex hull of the points by

g 9= / g(po+s1(p1 = po) + -+ + 55(pj — po))dsy ---ds;,
[Pop1s---.pj] Sj

where S; = {(s1, ...,5;): 5,=0, > s5;<1} is the standard j-simplex in R/. Let D,

denote the directional derivative along the vector y. Then the Kergin polynomial of a

sufficiently smooth f with respect to a sequence of points p = ( po, p1, --.,Pk) is

Kpf(x) :f(l’o) +/ Dxfpof"' +/ Dxfpk,l "'Dxfpof-

[po:p1] [Pop1,- k]
This definition is also valid in the complex setting for functions holomorphic on the
convex hull of the given points. The Kergin polynomial is the unique polynomial of
degree at most k satisfying

/ Da(f_Kpf):O’ |a|:]’ j:0717"'7k'
[posp1s- i)

The Kergin polynomial K,/ matches the values of f at each of the p;. Also, the
operator K, taking a function to its Kergin polynomial preserves polynomials of
degree at most k£ and is affine-invariant, in the sense that for every affine map
A:R"—>R" and any suitably defined function g we have

Ky(g°4) = (Kapg)o4,

where Ap = (A(po),A(p1), ..., A(pr)). Note that in dimension one we have
Genocchi’s formula

o, p1s -5 pjlf = f(j>7
[po.p1,-...p)]
and so the Kergin polynomial in this case is nothing but the Lagrange polynomial in
Newton form (the entity on the left-hand side is, of course, the jth divided difference
of the function f).

To extend the definition of Kergin interpolation to mappings between general
Banach spaces we need to replace the Lebesgue integral by a Bochner integral to get
a vector valued version of the simplex functional (this is then no longer a functional
in the usual sense of the word). The generalized Kergin polynomial will then have the
same form as above. The main properties of classical Kergin interpolation, including
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Micchelli’s error formula, are easily extended to this setting. They are stated in
Theorems 5.7 and 6.1.

Using the error formula we prove an approximation theorem (Theorem 6.2) which
says that, under certain conditions, the Kergin interpolants of a holomorphic
function converge geometrically fast to the function.

We shall also study Kergin interpolation of entire power series from one Banach
space into another. We obtain a precise result (Theorem 7.1) giving conditions under
which a sequence of Kergin polynomials of an entire power series f converges to f
uniformly on every bounded ball. As was mentioned above, this generalizes results of
Gelfond [7] and Bloom [4]. Our method is different.

We shall start out by listing some standard properties of polynomials in Banach
spaces, holomorphic mappings in Banach spaces and vector valued integration. All
facts presented here are well known, but we include them for completeness and ease
of reference. Also, these introductory sections serve the purpose of fixing the
notation. The reader should observe that we use the same notation (|| - ||) to denote
all the (different) norms of vectors, linear maps and multilinear maps.

2. Polynomials in Banach spaces

Throughout this paper, X and Y will denote complex (or real) Banach spaces. For
each positive integer £k we let ¥, (X, Y) denote the set of continuous k-linear
mappings from X* into Y, i.e. mappings 7 : X* - Y that are linear in each argument
separately. It is an elementary fact that this is again a Banach space when equipped
with the standard norm

7)) = sup ||T(x1,...,xk)||’
020,20 Xl []xl]
where xi, ..., x; € X. Note that
T Cers oo i) 0]+ |-
If TeZi(X,Y) and x; = xp = -+ = xx = x, then we will often write

T(x1, ..., x5) = Txk.

A mapping H : X — Y is said to be a continuous homogeneous polynomial of degree
k if there exists an Le ¥ (X, Y) such that

H(x) = Lx*, xeX.

Given such a homogeneous polynomial H of degree k there exists a unique
symmetric (i.e. invariant under permutation of the variables) continuous k-linear
form B such that

H(x) = Bx".

This symmetric k-linear form is called the polar form of H.
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Now a mapping P: X — Y is called a polynomial if it is a sum of homogeneous
polynomials. To be precise, P is a continuous polynomial of degree d if there exist
mappings Lo, Ly, ..., Ly such that Ly e #i(X,Y) fork=0,1,...,d, L;#0, and for
all xe X,

P(x) = Lo+ Lyx + Lox* + - + Lgx?.

Let f be a mapping from an open subset U of X into Y. If for each point ae U
there exists a linear mapping 7 : X — Y such that

o 1) —f(@) = T(x— a)l

=y lx—al

:O’

then £ is said to be differentiable on U. The map 7 is uniquely determined by f* and
a, it is called the differential of f* at ¢ and will be denoted by Df(a). Hence a
continuously  differentiable  function f:U—-Y induces a  mapping
Df: X —Z1(X,Y). If, for instance, f(x) = Bx/ where B is a symmetric j-linear
map, then

Df(x) =B(-,x,...,x) + B(x,,x, ..., x) + - + B(x, ..., x,-) =jB(x, ..., x, )

with x appearing j — 1 times inside the parentheses.

Higher order differentials are defined in the obvious way, e.g. the second-order
differential of f at a is the differential of Df at a and is denoted by D? f(a). Note that
for each k, (X, Y) is isometric to (X, %r_1(X, Y)), which in turn is isometric
to Z1(X,Z1(X,Zr2(X,Y))), and so on. Hence DF f(a) may be regarded as a
member of Z;(X,Y), and it is a classical theorem that D* f(a) is then a symmetric
k-linear form.

As usual we let C*(U,Y) denote the vector space of all k times continuously
differentiable maps from U into Y. This space is endowed with the topology of
uniform convergence on compact sets of the mappings and their differentials up to
order k, i.e. the topology generated by the seminorms

S sup sup [|D/ f(x)]],

j<k xeK

where K is any compact subset of U. This is often referred to as the C* topology.
We will also have use for directional derivatives, given by

Dy f(x) = Df (x) (),

i.e. the derivative of f at x in the direction y is the differential of /" at x applied to the
vector y.
Throughout this paper, we will denote by B, (&) the open ball of radius r centered

at £. Similarly, by B,(¢) we denote the closed ball of radius r centered at &.
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3. Holomorphic mappings between Banach spaces

Let X and Y be complex Banach spaces and U an open subset of X. A mapping
f:U—-Y is said to be holomorphic on U if for every £e€ U there exist an open
ball B.(¢)<= U and a sequence of continuous j-linear mappings L;e Z;(X,Y) such
that

uniformly for xe B,(&). The sequence L; is then unique, and in fact L; = D/ f(&) /).
In view of the close relation between j-linear mappings and homogencous
polynomials of degree j, it is of course equivalent to say that f* is holomorphic if
there exists a sequence of continuous polynomials P; such that each P; is
homogeneous of degree j and

6 =3 Pix—0),
Jj=0

uniformly for xe B, (&).
Variants of the Cauchy integrals are valid, and they give rise to estimates on the
size of the coefficients in the power series.

Proposition 3.1. Let X and Y be complex Banach spaces, and let U be an open subset
of X. If {: U—>Y is holomorphic and B,(&)<= U for some r>0, then, for each j=0,

IIDjf(é)||<jj< sup ||f(X)||>rf.

llx—&f|=r

Proof. See Proposition 3 of Chapter 6 in [13] or [12]. [

4. Vector valued integration

Let (X, 2, u) be a finite measure space and let Y be a Banach space. A mapping
f:X—-Y is said to be simple if there exist disjoint sets Ej, ..., E; in X and vectors
V1, ..., Vi In Y such that, for all xe X,

) =3 1)

Jj=1
where y; is the characteristic function of E;. The Bochner integral of such an /" over
any set £ in X is then defined to be

k
/ fdu=>" WENE)y,.
E a
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A mapping f: X - Y is said to be measurable if there exists a sequence of simple
mappings f, that converges to f almost everywhere. A measurable mapping
f:X—-Y is said to be Bochner integrable if there exists a sequence of simple
mappings f, such that

lim [ |1, 1l du=o.
n— X
Then the Bochner integral of f over any E in X is defined by
/ fdp= lim / fndu.
E = JE
This is well-defined, and it turns out that, for example, all continuous mappings are

Bochner integrable. Also, analogues of the standard Lebesgue theorems hold in this
setting, cf. [5]. The following proposition is useful.

Proposition 4.1. Let (X,X, 1) be a finite measure space and f:X —Y Bochner
integrable. Then the following holds:

(1) For each continuous linear functional \y in the dual space X*, the function yof is
integrable and for all E in X

(1) [oro

(2) The function || f||: X =R is integrable and for all E in X

/EfduHS/Ellflldu-

Proof. See Proposition 6.4 in [12]. O

5. Kergin interpolation in Banach spaces

In the finite-dimensional case, the coefficients of the Kergin polynomial are (linear
combinations of) so-called simplex functionals. Let us first generalize this concept to
the Banach space setting.

Definition 5.1. Let p = (po,p1, ...,p;) be a sequence of points in X. The simplex
functional with respect to p is defined for any function g continuous on the convex
hull of p by

g g:= / g(po+si(p1 —po) + -+ + 5;(pj — po)) dsy ---ds;,
[po.p1s- )] Sj

where S; = {(s1, ...,5;): =0, > s;<1} is the standard j-simplex in R’.
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Remark 5.2. The integral on the right in Definition 5.1 is a Bochner integral with
respect to Lebesgue measure. Hence our simplex functional takes values in a Banach
space and is not a functional in the usual sense.

Remark 5.3. When g is scalar-valued, many properties of the finite-dimensional
simplex functional immediately generalize to the infinite-dimensional setting, since
everything takes place inside the finite-dimensional affine subspace spanned by the
points in the sequence p. To be precise, let P be the vector space spanned by p. Then

/g=/ glp
(7] [p]

where on the right-hand side everything lives in the finite-dimensional space P (g|p
denotes the restriction of g to P). This means that all the known results about the
simplex functional on finite-dimensional spaces extend immediately to scalar-valued
functions on infinite-dimensional Banach spaces.

Proposition 5.4. Let p = (po,p1, ...,p;) be a sequence of vectors in the Banach space
X and let Q be the convex hull of p. The simplex functional defined above has the
following properties:

(1) For every continuous mapping [ : Q— Y, the vector fm g is independent of the
ordering of the points in p.

(2) It is affine-invariant, in the sense that if A is a continuous affine map of X into
another Banach space Z, and g: A(Q)— Y is continuous, then

/ ged = / g,
[p] (4p]

where Ap = (A(po), A(p1), ..., A(p;)).

Proof. Using Proposition 4.1 and the affine invariance in the finite-dimensional case
(and Remark 5.3 above), we get, for each continuous linear functional { on Y,

v </[Ap] g) B /[Ap] Ve = /[p] Vegd =y </[p] gOA> '

Since the functionals separate points, (2) follows. Property (1) follows in a
similar way from the corresponding property in the finite-dimensional case and
Proposition 4.1. [

Now we can define the Kergin polynomial associated to a mapping f* with respect
to a sequence p of vectors.

Definition 5.5. Let X and Y be complex (or real) Banach spaces and let U be a
convex open subset of X. If p = (po,p1, ...,pr) is a sequence of vectors in U and
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feCK(U,Y), then the Kergin polynomial of f with respect to p is defined by
Kpf(x) :f(pO) +/ Dxfpaf"' +/ Dxfp/\»,l "'Dxfpof'

[ po.p1] [Pop1s--- K]

The following proposition shows that we can essentially restrict our study to
scalar-valued functions.

Proposition 5.6. Let K, [ be as in Definition 5.5. For every continuous linear functional
Y on Y, we have for all x,

Y (Kpf(x)) = Kp(¥ef ) (x). (5.1)

Proof. With the above notation, we have

= / D-’C*PH "'DX*PO (Wof )
[ Po,...pi]
Summing up for i =0, ...,k we get the desired formula. [

On the other hand, if V is a finite-dimensional subspace of X that contains all of
the p; together with x, then we have

K, f(x) = Kp(fIv)(x). (5.2)
Combining (5.1) and (5.2), we get
V(K f(x)) = Kp(YrefIy) (%), (5.3)

where the Kergin operator on the right-hand side is the classical one. This leads to an
immediate extension of basic properties of classical Kergin interpolation. The
following theorem states these properties.

Theorem 5.7. Let X and Y be complex (or real) Banach spaces and let U be a convex

open subset of X. If f e CX(U, Y) and p = ( po, p1, ..., px) is a sequence of vectors in U,

then the mapping K, f defined above is a polynomial of degree at most k such that

Kpf(P/) :f(pj)a ]:07173k (54)

Moreover, the operator K,: C*X(U,Y)— CK(U,Y) taking a function to its Kergin

polynomial is continuous in the C* topology, and it has the following properties:

(1) It is independent of the ordering of the points in the sequence p.

(2) It is associative, i.e. if pcq then K, f = K,K, f.

(3) It is affine-invariant, in the sense that if f = goA, where A is a continuous affine
map from X into a Banach space Z and ge C¥(A(U), Y), then

K,f = Kp(g"A) = (KApg)OA-
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(4) It is a projector, i.e. if f already is a polynomial of degree at most k, then
K, f(x) =f(x), xeU.

Proof. To show that K,/ is a polynomial, it is enough to show that each of the terms
in the sum defining K, f is a polynomial, and this is immediate from the definitions.
The degree is obviously at most k.

The continuity of the operator K), is easily deduced from Proposition 5.6, using the
seminorms defining the C* topology and the fact that the convex hull of a finite
number of points is a compact subset of U.

We prove that K, f has the interpolating property (5.4). Let V be a finite-
dimensional subspace that contains p. For every continuous linear functional y on Y
we have, in view of (5.3),

V(K S (py)) = Kp(Wef v) (i) =¥ (S ()

Here the second equality follows from the classical result. Now since functionals
separate points we deduce that K, f(p;) = f(p))-

Properties (1)—(4) follow easily in the same way from similar properties in the
finite-dimensional case. Let us just explain the last one. Let ¢ be a degree k
polynomial. We shall prove that for all xe X, K,q(x) = ¢(x). Fix x and take V to be
a finite-dimensional subspace of X that contains p and x. For every i as above,
Weoqly is a classical polynomial of degree at most k, and consequently K,,(Yoqly)(x) =

(Weqly)(x) = ¥(g(x)). It follows that K,q(x) = ¢(x). O

Remark 5.8. A result similar to Theorem 5.7 holds for holomorphic mappings
defined in so-called C-convex domains, see [3,6] or [8] for the definition and further
properties of such domains. This will be treated in a forthcoming paper.

6. An error formula
This section is devoted to obtaining an error formula for Banach space Kergin

interpolation. Our formula is a generalization of Micchelli’s formula in [10], which in
turn is a multi-variate analogue of the formula

g(t) - Lpg(t) = [p0>pla "'7pk7l]g7

valid for the Lagrange polynomial L,g of a one-variable function g. We will prove
the following.

Theorem 6.1. Let X and Y be complex (or real) Banach spaces and let U be a convex
open subset of X. If f e CK(U, Y) and p = ( po,p1, ..., px) is a sequence of vectors in U,
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then, for each xe U,

f(x)—K,f(x) = / Dy p-+-Dy_p, f. (6.1)

[P0:P1; - Dk X]

Proof. This is again a consequence of the classical formula via (5.3). Fix xeU
and let V be a finite-dimensional subspace that contains p and x. For every
continuous linear functional { we have, using the classical result at the second
equality,

Y(f(x) = Kpf(x) = (eflv)(x) = Kp(dhefly)(x)
= / Dxfpk"'Dxfpo(lpoﬂv)
[P0s- - PkX]

= lp </ Dxfpk .. 'Dxpo_f> .
[P0, Pr>x]

We reach the desired conclusion by using once more the fact that the functionals
separate points. [

In one dimension, it is a classical result that the Lagrange interpolants of a
function, analytic in a sufficiently large region containing the points of interpolation,
converge geometrically fast to the function as the number of points increases. The
corresponding result for Kergin interpolation was proved by Micchelli [10]. In the
infinite-dimensional case we have the following:

Theorem 6.2. Let X and Y be complex Banach spaces and let p = ( po, p1,p2, ...) be
an infinite sequence of points in the closed unit ball B= {xe X: ||x||<1}. Further, let f
be a mapping into Y, holomorphic on the ball B = {xe X: ||x||<2r + 1}, where r>e.

If p/ denotes the finite subsequence (po,pi,...,p;) and B" is any closed ball in X
centered at the origin with radius 2s + 1, where r>s>e, then

sup 109~ Ky /011 sup 1700l (6)

Hence, if f is bounded on B", the sequence of Kergin interpolants K,; f converges
geometrically fast to f on B.

Proof. To begin with, we note that

DX*I’/"”DX*P(J:Djﬂf(')(x_pjﬂ <y X = P1,X = po).
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By the remainder formula of Theorem 6.1 and Proposition 4.1, we obtain for
each xeB,

Lf(x) = Kps f(X)]]

</ HDX*IJ/"'DX*POfH

[PosP1s D))

< [ (sop 107 A1) =l =l = sy s,
j+1

The volume of the simplex over which we integrate is 1/(j+ 1)!. Further, by
Proposition 3.1,

- i+ 1)/t
sup ||D/T! <(17<su )
o 11077111 <D sup 1

Since ||x — pi||<2 for each i and (j + 1)/ /(j + 1)!<e/*!, we get
e\ Jj+l1
1) = Ky fONI< sup [F(S)
xeB’ s
for each xeB. [

Remark 6.3. We point out that, even though f is holomorphic on the ball B', there is
no guarantee that f is bounded on the smaller ball B”, cf. [12, Proposition 7.15]. To
ensure convergence in general, the assumption on the boundedness of f is needed.
We also want to point out that Theorem 6.2 does not reduce to the known result in
the finite-dimensional case, where it is enough to assume that r>s>1.

7. Applications to entire power series

In this section, we prove a convergence theorem for entire power series from a
Banach space X to a Banach space Y. What we mean by an entire power series is a

mapping

where each P; is a continuous polynomial homogeneous of degree j from X into Y,
such that, setting

M; = Hsﬂpl |[P;(x)]],
X||=

we have

lim sup Mjl/j =0.

jo oo
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This is equivalent to saying that

. 1/i
lim sup cj/j =0,
Jj— o

where
¢ =B
and B; is the polar form of P;. Indeed, with these notations, we always have
iJ

J
Mj<e <y Mj.

Consequently, f is an entire power series when

flz) = Z ¢z’
=0

is an entire function of one complex variable. Under these conditions f is infinitely
differentiable and DX 1 is itself an entire power series from X into £, (X, Y):

DFf(x) =Y D*Pi(x) = Z DFP;(x).
Jj=0 =k

This follows in the classical way from the fact that the series converges uniformly on
every closed ball. This latter fact follows from the relation

DEPi(x)(hyy ooy hi) = (= 1) (j =k + 1)Bj(x, ..., x, by, ooy i),
which implies
ID*Pi()||<j (G = 1)+ (j = Kk + Dgl|x]| /. (7.1)

Finally, we will use the notation M (A, R) from the one-dimensional theory for the
maximum of the function / on the closed disc with radius R.

Now we can state our convergence result, which is a generalization of Gelfond’s
theorem about the convergence of Lagrange interpolants to entire functions in C, see
Theorem 3 of Chapter II Part 3 in [7].

Theorem 7.1. Let p = (po,pi1,p2,...) be a sequence of vectors in X, let p/ =
(Pos ..., pj), and set ry == ||pi||. Assume that

(1) f: X > Y is an entire power series,

(2) the sequence (ro,ry, 1, ...) is increasing and ry — o0,

(3) the counting function N, defined by N(t) =k if riy<t and ri.1 >1t, satisfies the
condition

log M (f,u) < N (0u),
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for large enough u, where

0

0<i<log

and 0<0<1/2.

Then the sequence (K f") of Kergin interpolants converges to f uniformly on every
bounded ball of X .

Proof. Every bounded ball in X is contained in some closed ball centered at 0 and of
radius R, with R different from every ry, keN. We fix such a radius R and prove
that supy .y <r ||/ — Ky f|| converges to 0 as k— 0.

Step 1: An error formula for f. For f(x) = Z]io Pi(x), we let si(x) denote the

partial sum Z/]'(:o P;(x). Since the Kergin operator is a linear projector, we get

S (%) = Ky f(x) = (f = 1) (x) = Kpe(f = 51) ()

=Y B Ky (i P,-<~>><x>.

=k+1

Now we may use the continuity of the Kergin operator to obtain

o0

() =Ky f(x)= > (P — KyPy)(x).
j=k+1
It follows that
1/ (x) = Ky f)< Y 11Pi(x) = Ky Py(x)]]- (7.2)
j=k+1

Step 2: An error formula for P;. By the remainder formula in Theorem 6.1,
we have

Pj(x) — Ky Pj(x) = / Dy p. Dy p P;
[ P01 - Dk X]

:/ DkHPj(')(X—po,...,x—pk)dsl...dskH.
[Posp1, . prcox]

Let us estimate this expression. Define, for s€Sj 1,

k
Ypex(8) :=po+ > si(pi — po) + s+1(x = po)
i=1

=Sopo + S1p1 + -+ + SkPk + Sk+1X,
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where s = 1 — Zi.:rll s;. By the definition of the simplex, all of the s; are non-negative
numbers. This implies that for ||x||< R, we have

e x (1< sollpoll + sillpall + -+ + sllpl] + seea||x]|
< soro +s1r1 4+ o s + s R
Zi)’rk,R(S),
where ¥ = (rg, ..., r). From (7.1), we deduce that
[1Dxpy = Dopy By (1 )|
<JU =D (U =k + 1l ypsl
<=1 U=k + Dl g ' (R+r0) - (R+ 1)

j—k—1
T X = pol -+ llx = |

Integrating this over the simplex, we obtain, for ||x||<R,

/ D«‘C*Pk"'DX*pOPj
[PoP1s - D1 oX]

le; Pk
<ﬁ/[ R]('>j R+ ro) -+ (R + 1)
* FOyeeesT ks

On the right-hand side, we recognize an expression from a classical one-variable
remainder formula, namely:

(J —jl!:/_ 1)'/[ R](')HH(R+70)"'(R+Vk)

- (R+r0)~::( ) N
T R=r0)(R=rp) /[ro,...,rk,R] Dg_sy---Dr_rc;(")
:§§f23f§+$ﬁqW—Kqu0m»

Note that the right-hand side is well defined, because the radius R has been taken to
be distinct from every r;. Consequently, we have for ||x||<R and j >k,

(R o)+ (R+ 1)
(R=ro) -+ (R—n)

|M®—@%MK\ mm—mmmwmy (7.3)

Step 3: Summing up. Now we will put all of these inequalities together. From (7.2)
and (7.3) it follows that, for ||x||< R, we have

. (R+ry) - (R+rr) .
||f(X)—Kp/\f(X)||< (R—Vo)“'(R—’k)j:zk;] [/R _Krk(q() )(R)]
C|REr0) (R4 o e
— R ) - KR (14)
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To justify the last line we need to use the continuity of the one-variable Kergin (i.e.
Lagrange) operator. Now we have finally proven that

R+r,

k
sup || f(x) — H K.f(R)|.

[Ix[[<R

Fj

It remains to show that the right-hand term converges to 0 as k— oo, and this is a
routine one-variable problem. Except for the fact that we have to deal with the
parasitic first factor, Gelfond’s classical proof works here. By assumption, there is a
number 7 such that

1 s
§>17>e’“ +1,

and for fixed such # there is an ¢>0 such that
log(n — 1) — A — 2¢>0.

Now an application of Hermite’s classical remainder formula (see e.g. [7, Formula
123 of Chapter II Part 3]) with the circle of radius nr; centered at the origin as the
contour of integration, leads to

k+1
nre (14 R/rk) ;
M ).
|17rk—R\ (n—l)k+1 (fa’?"/)

AR) — KufIR)|<

By assumption we have for k large, say k> ky,
log M (f,qri) < AN (Onry.) < k.

Since R/ry—0 as k— oo, one can find a constant C such that

’(R-i-}’())'--(R—‘r}’k)

< Ce
(R=ro)(R—rx)

and

R k+1
(1 +—) < Ceke.
Ik

Putting it all together: for k> ky we get that

H

=0

R—&—rl

r K. f(R)| < Cexp(—k(log(n — 1) — 4 — 2¢)),

and the conclusion follows, since the factor multiplying —k is positive. [

Remark 7.2. It is perhaps worth pointing out that one special case in which Theorem
7.1 is applicable is when X = Y = E, a complex Banach algebra with unity, and
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f: E— E is an mapping of the form
o0
S =" ax/,
=0

where the a; are elements of £ and the radius of convergence is infinite (of course,
a;x/ is to be interpreted as a; - x - x - ... - x, with the - denoting the multiplication in E
and the x occurring j times). A concrete example is E = M,,(C), the algebra of square
matrices with complex coefficients, and f(x) = exp(x), the exponential of a matrix.
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